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Structure of talk

�is will be a talk of two halves:

1. Short introduction to applied proof theory.

2. Outline of new area of application (with some unpublished results).

Please feel free to interrupt and ask questions!



Applied Proof�eory: A 30Minute

Introduction



What is applied proof theory?

�ere is a famous quote due to G. Kreisel (A Survey of Proof�eory II):

“What more do we know when we know that a theorem can be proved by limited
means than if wemerely know that it is true?”

In other words, the proof of a theorem gives us muchmore information than the

mere truth of that theorem.

Applied proof theory is a branch of logic that uses proof theoretic techniques to

exploit this phenomenon.
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Everyone does applied proof theory

Problem. Give me an upper bound on the nth prime number pn.

1. What is pn? I know it exists because of Euclid...

2. Specifically, given p1, . . . , pn−1, I know thatN := p1 · . . . · pn−1 + 1 contains a

new prime factor q, and so pn ≤ q ≤ N.

3. In other words, the sequence {pn} satisfies

pn ≤ p1 · . . . · pn−1 + 1 ≤ (pn−1)n−1

4. By induction, it follows that e.g. pn < 2
2
n
.

�is is a simple example of applied proof theory in action! From the proof that there
are infinitely many primes, we have inferred a bound on the nth prime.
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... but it’s not always that simple

�eorem (Littlewood 1914)

�e functions of integers
(a) ψ(x)− x, and
(b) π(x)− li(x)
change signs infinitely often, whereπ(x) is the number of prime≤ x,ψ(x) is the is logarithm
of the l.c.m. of numbers≤ x and li(x) =

∫ x
0

(1/ log(u))du.

�e original proof is utterly nonconstructive, using among other things a case
distinction on the Riemann hypothesis. At the time, no numerical value of x for
which π(x) > li(x)was known.

In 1952, Kreisel analysed this proof and extracted recursive bounds for sign changes

(On the interpretation of non-finitist proofs, Part II):
“Concerning the bound ... note that it is to be expected from our principle, since if the
conclusion ... holds when the Riemann hypothesis is true, it should also hold when
theRiemannhypothesis is nearly true: not all zeros need lie onσ = 1

2
, but only those

whose imaginary part lies below a certain bound ... and they need not lie on the line
σ = 1

2
, but near it”
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What applied proof theory looks like today

�eorem (Kirk and Sims, Bulletin of the Polish Academy of Sciences 1999)

Suppose that C is a closed subset of a uniformly convex Banach space and T : C→ C is
asymptotically nonexpansive with int(fix(T)) 6= ∅. �en for each x ∈ C the sequence {Tnx}
converges to a fixed point of T.

�eorem (P., Journal ofMathematical Analysis and Applications 2019)

Let T : C→ C be a nonexpansive mapping in Lp for 2 ≤ p <∞, and suppose that
Br[q] ⊂ fix(T) for some q ∈ Lp and r > 0. Suppose that x ∈ C and ‖x − q‖ < K, and
define xn := Tnx. �en for any ε > 0we have

∀n ≥ f (ε)(‖Txn − xn‖ ≤ ε)

where

f (ε) :=

⌈
p · 23p+1 · Kp+2

εp · r2

⌉
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How does proof theory come in to play?

We obtained a bound on the nth prime from Euclid’s proof without any special

techniques. However, serious applications usually involve some of the following,

either implicitly or explicitly:

• proof interpretations, particularly Gödel’s Dialectica,

• computability and complexity in higher types,

• logical relations (particularlymajorizability),

• formal systems and type theory.

Typically, one also needs to do some seriousmathematics as well!
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What can we achieve with applied proof theory?

1. Computational information from proofs (including those which are at first

glance completely nonconstructive).

2. Finitary formulations of infinitary principles, complete with relevant

numerical data.

3. Logical metatheorems and abstract variants of proofs in the literature, which

explain and generalise mathematical phenomena.
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Blog post by T. Tao, 2007

Soft analysis, hard analysis, and the finite
convergence principle
23 May, 2007 in expository, math.CA, math.CO, math.LO, opinion | Tags: finite convergence principle, hard analysis, pigeonhole principle,
proof theory, Ramsey theory, soft analysis

In the field of analysis, it is common to make a distinction between “hard”, “quantitative”, or “finitary” analysis
on one hand, and “soft”, “qualitative”, or “infinitary” analysis on the other. “Hard analysis” is mostly concerned
with finite quantities (e.g. the cardinality of finite sets, the measure of bounded sets, the value of convergent
integrals, the norm of finite-dimensional vectors, etc.) and their quantitative properties (in particular, upper and
lower bounds). “Soft analysis”, on the other hand, tends to deal with more infinitary objects (e.g. sequences,
measurable sets and functions, -algebras, Banach spaces, etc.) and their qualitative properties (convergence,
boundedness, integrability, completeness, compactness, etc.). To put it more symbolically, hard analysis is the
mathematics of , , , and [1]; soft analysis is the mathematics of 0, , , and .

At first glance, the two types of analysis look very different; they deal with different types of objects, ask
different types of questions, and seem to use different techniques in their proofs. They even use[2] different
axioms of mathematics; the axiom of infinity, the axiom of choice, and the Dedekind completeness axiom for
the real numbers are often invoked in soft analysis, but rarely in hard analysis. (As a consequence, there are
occasionally some finitary results that can be proven easily by soft analysis but are in fact impossible to prove
via hard analysis methods; the Paris-Harrington theorem gives a famous example.) Because of all these
differences, it is common for analysts to specialise in only one of the two types of analysis. For instance, as a
general rule (and with notable exceptions), discrete mathematicians, computer scientists, real-variable harmonic
analysts, and analytic number theorists tend to rely on “hard analysis” tools, whereas functional analysts,
operator algebraists, abstract harmonic analysts, and ergodic theorists tend to rely on “soft analysis” tools. (PDE
is an interesting intermediate case in which both types of analysis are popular and useful, though many
practitioners of PDE still prefer to primarily use just one of the two types. Another interesting transition occurs
on the interface between point-set topology, which largely uses soft analysis, and metric geometry, which
largely uses hard analysis. Also, the ineffective bounds which crop up from time to time in analytic number
theory are a sort of hybrid of hard and soft analysis. Finally, there are examples of evolution of a field from soft
analysis to hard (e.g. Banach space geometry) or vice versa (e.g. recent developments in extremal
combinatorics, particularly in relation to the regularity lemma).)

It is fairly well known that the results obtained by hard and soft analysis respectively can be connected to each
other by various “correspondence principles” or “compactness principles”. It is however my belief that the
relationship between the two types of analysis is in fact much closer[3] than just this; in many cases, qualitative
analysis can be viewed as a convenient abstraction of quantitative analysis, in which the precise dependencies
between various finite quantities has been efficiently concealed from view by use of infinitary notation.
Conversely, quantitative analysis can often be viewed as a more precise and detailed refinement of qualitative
analysis. Furthermore, a method from hard analysis often has some analogue in soft analysis and vice versa,
though the language and notation of the analogue may look completely different from that of the original. I
therefore feel that it is often profitable for a practitioner of one type of analysis to learn about the other, as they
both offer their own strengths, weaknesses, and intuition, and knowledge of one gives more insight[4] into the
workings of the other. I wish to illustrate this point here using a simple but not terribly well known result, which
I shall call the “finite convergence principle” (thanks to Ben Green for suggesting this name; Jennifer Chayes
has also suggested the “metastability principle”). It is the finitary analogue of an utterly trivial infinitary result –
namely, that every bounded monotone sequence converges – but sometimes, a careful analysis of a trivial result
can be surprisingly revealing, as I hope to demonstrate here.



�e correspondence principle

(emphasis mine)

“It is fairlywell known that the results obtainedbyhardand soft analysis respectively
can be connected to each other by various “correspondence principles” or “compact-
ness principles”. It is however my belief that the relationship between the two types
of analysis is in fact much closer than just this ... ”

“I wish to illustrate this point here using a simple but not terribly well known result,
which I shall call the “finite convergence principle” ... It is the finitary analogue of
an utterly trivial infinitary result – namely, that every bounded monotone sequence
converges – but sometimes, a careful analysis of a trivial result can be surprisingly
revealing, as I hope to demonstrate here.”
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An evenmore utterly trivial infinitary result: �e drinkers paradox

In any pub there is someone such that if they are drinking, then everyone is drinking

ALTERNATIVELY:

∃x ∈ P (D(x)→ ∀y ∈ P D(y))

Proof.

Either everyone is drinking, so we can pick x := c to be some canonical drinker c ∈ P
OR there is at least someone y ∈ D not drinking, in which case we pick x := y.

In a pub with infinitely many drinkers, this becomes computationally problematic...

�ere is no effective way of finding x.

�e drinkers paradox is an infinitary theorem.



An evenmore utterly trivial infinitary result: �e drinkers paradox

In any pub there is someone such that if they are drinking, then everyone is drinking

ALTERNATIVELY:

∃x ∈ P (D(x)→ ∀y ∈ P D(y))

Proof.

Either everyone is drinking, so we can pick x := c to be some canonical drinker c ∈ P
OR there is at least someone y ∈ D not drinking, in which case we pick x := y.

In a pub with infinitely many drinkers, this becomes computationally problematic...

�ere is no effective way of finding x.

�e drinkers paradox is an infinitary theorem.



An evenmore utterly trivial infinitary result: �e drinkers paradox

In any pub there is someone such that if they are drinking, then everyone is drinking

ALTERNATIVELY:

∃x ∈ P (D(x)→ ∀y ∈ P D(y))

Proof.

Either everyone is drinking, so we can pick x := c to be some canonical drinker c ∈ P
OR there is at least someone y ∈ D not drinking, in which case we pick x := y.

In a pub with infinitely many drinkers, this becomes computationally problematic...

�ere is no effective way of finding x.

�e drinkers paradox is an infinitary theorem.



An evenmore utterly trivial infinitary result: �e drinkers paradox

In any pub there is someone such that if they are drinking, then everyone is drinking

ALTERNATIVELY:

∃x ∈ P (D(x)→ ∀y ∈ P D(y))

Proof.

Either everyone is drinking, so we can pick x := c to be some canonical drinker c ∈ P
OR there is at least someone y ∈ D not drinking, in which case we pick x := y.

In a pub with infinitely many drinkers, this becomes computationally problematic...

�ere is no effective way of finding x.

�e drinkers paradox is an infinitary theorem.



Let’s finitise it!

∃x ∈ P (D(x)→ ∀y ∈ P D(y))
⇔ ∃x ∈ P ∀y ∈ P (D(x)→ D(y))
⇔ ¬¬∃x ∈ P ∀y ∈ P (D(x)→ D(y))
⇔ ¬∀x ∈ P ∃y ∈ P ¬(D(x)→ D(y))
⇔ ¬∃f : P→ P ∀x ∈ P ¬(D(x)→ D(fx))
⇔ ∀f : P→ P ∃x ∈ P (D(x)→ D(fx)) (∗)

We can now solve x in f : Either fx is drinking, so we can set x := c, OR fx is not
drinking, in which case set x := fc.

Original DP: In any pub there is a person x such that if they are drinking, then everyone is
drinking

Finitary DP: Given a pub and any function f , there is a person x ∈ {c, fc} such that if they
are drinking, then person fx is drinking

�e formula (∗) corresponds to the classical Dialectica interpretation of the original
DP!�e witnesses {c, fc} give rise to the corresponding Herbrand disjunction.
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We can now solve x in f : Either fx is drinking, so we can set x := c, OR fx is not
drinking, in which case set x := fc.

Original DP: In any pub there is a person x such that if they are drinking, then everyone is
drinking

Finitary DP: Given a pub and any function f , there is a person x ∈ {c, fc} such that if they
are drinking, then person fx is drinking

�e formula (∗) corresponds to the classical Dialectica interpretation of the original
DP!�e witnesses {c, fc} give rise to the corresponding Herbrand disjunction.
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Tao’s example

Monotone convergence principle (MCP): Let {xn} be an increasing sequence in
[0, 1]. �en for any ε > 0 there exists someN ∈ N such that |xm − xn| ≤ ε for all
m, n ≥ N.

Finite convergence principle (FCP): If ε > 0 and f : N→ N and

0 ≤ x0 ≤ . . . ≤ xM ≤ 1

is such thatM is sufficiently large depending of ε and f , then there exists
0 ≤ N ≤ N + f (N) ≤ M such that |xm − xn| ≤ ε for allN ≤ m, n ≤ N + f (N).

Two interesting observations:

1. FCP ≈ classical Dialectica intepretation of MCP

2. By analysing the proof of MCP we can extract a bound onM, which is f̃ b1/εc(0)
for f̃ (x) := x + f (x).



Tao’s example

Monotone convergence principle (MCP): Let {xn} be an increasing sequence in
[0, 1]. �en for any ε > 0 there exists someN ∈ N such that |xm − xn| ≤ ε for all
m, n ≥ N.

Finite convergence principle (FCP): If ε > 0 and f : N→ N and

0 ≤ x0 ≤ . . . ≤ xM ≤ 1

is such thatM is sufficiently large depending of ε and f , then there exists
0 ≤ N ≤ N + f (N) ≤ M such that |xm − xn| ≤ ε for allN ≤ m, n ≤ N + f (N).

Two interesting observations:

1. FCP ≈ classical Dialectica intepretation of MCP

2. By analysing the proof of MCP we can extract a bound onM, which is f̃ b1/εc(0)
for f̃ (x) := x + f (x).



Tao’s example

Monotone convergence principle (MCP): Let {xn} be an increasing sequence in
[0, 1]. �en for any ε > 0 there exists someN ∈ N such that |xm − xn| ≤ ε for all
m, n ≥ N.

Finite convergence principle (FCP): If ε > 0 and f : N→ N and

0 ≤ x0 ≤ . . . ≤ xM ≤ 1

is such thatM is sufficiently large depending of ε and f , then there exists
0 ≤ N ≤ N + f (N) ≤ M such that |xm − xn| ≤ ε for allN ≤ m, n ≤ N + f (N).

Two interesting observations:

1. FCP ≈ classical Dialectica intepretation of MCP

2. By analysing the proof of MCP we can extract a bound onM, which is f̃ b1/εc(0)
for f̃ (x) := x + f (x).



Why we are interested in finitary theorems I

“So, we’ve now extracted a quantitative finitary equivalent of the infinitary principle
that every boundedmonotone sequence converges. But canwe actually use this finite
convergence principle for some non-trivial finitary application?�e answer is a defi-
nite yes: the finite convergence principle (implicitly) underlies the famous Szemerédi
regularity lemma, which is a major tool in graph theory, and also underlies some
rather lesswell knownregularity lemmas, suchas thearithmetic regularity lemmaof
Green. More generally, this principle seems to often arise in any finitary application
in which tower-exponential bounds are inevitably involved.”

Quantitative, finitary versions of mathematical principles are of interest in their

own right, and play a role in mathematics entirely independently of proof theory.

But actually finding the correct finitization of a give principle is surprisingly hard!
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Why we are interested in finitary theorems II

�ere are lots of purely existential theorems which use infinitary principles as

lemmas i.e.

infinitary principle⇒ ∃x A(x)

On the face of it, these proofs are nonconstructive, and we have no way of finding x.

But there is a formal way (Dialectica interpretation) to replace the infinitary

principle with its finitary counterpart.

finitary principle⇒ ∃x ≤ t A(x)

Typically, we can then use a bound for the finitary principle to compute a bound on x.

Remember Kreisel:

“if the conclusion ... holds when the Riemann hypothesis is true, it should also hold
when the Riemann hypothesis is nearly true”
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What can we achieve with applied proof theory?

1. Computational information from proofs (including those which are at first

glance completely nonconstructive).

2. Finitary formulations of infinitary principles, complete with relevant

numerical data.

3. Logical metatheorems and abstract variants of proofs in the literature, which

explain and generalise mathematical phenomena.
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Logical metatheorems

�e following is lifted directly from Kohlenbach (Some logical metatheorems with
applications in functional analysis, Trans. Amer. Math. Soc 2005):

Corollary

Let P (resp. K) be aAω definable Polish space (resp. compact metric space) and B∀,
C∃ be as before ∀- resp. ∃-formulas. IfAω[X, d,W] proves that

∀x ∈ P ∀y ∈ K ∀zX, f : X → X (f n. e. ∧ Fix(f ) 6= ∅ ∧ ∀u ∈ N B∀ ⇒ ∃v ∈ N C∃),

then we can extract from the proof a computable functionalΦ : NN × N→ N (on
representatives rx : N→ N of elements x ∈ P) such that for all rx ∈ NN

, b ∈ N

∀y ∈ K ∀z ∈ X, f : X → X (f n. e. ∧ ∀u ≤ Φ(rx, b) B∀ ⇒ ∃v ≤ Φ(rx, b) C∃)

holds in any (nonempty) hyperbolic space (X, d,W)whose metric is bounded by
b ∈ N.



What can we achieve with applied proof theory?

1. Computational information from proofs (including those which are at first

glance completely nonconstructive).

2. Finitary formulations of infinitary principles, complete with relevant

numerical data.

3. Logical metatheorems and abstract variants of proofs in the literature, which

explain and generalise mathematical phenomena.



What can we achieve with applied proof theory?

1. Computational information from proofs (including those which are at first

glance completely nonconstructive).

2. Finitary formulations of infinitary principles, complete with relevant

numerical data.

3. Logical metatheorems and abstract variants of proofs in the literature, which

explain and generalise mathematical phenomena.



What makes an area of mathematics amenable to proof theoretic techniques?

1. Numerical information is relevant in that area.

2. Proofs are non-trivial, and use subtle nonconstructive lemmas, but theorems are
‘nice’ from a proof theoretic perspective.

3. �ere are many variations of core ideas in different settings.
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New Applications in Tauberian�eory



Recall Abel’s theorem

Let {an} be a sequence of reals, and suppose that the power series

F(x) :=

∞∑
i=0

aixi

converges on |x| < 1. �en whenever

∞∑
i=0

ai = s

it follows that

F(x)→ s as x↗ 1.

�is is a classical result in real analysis called Abel’s theorem (N.b. it also holds in the

complex setting). You can use it to prove that e.g.

∞∑
i=0

(−1)i

i+ 1

= ln(2).
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Does the converse of Abel’s theorem hold?

NO.

For a counterexample, define F : (−1, 1)→ R by

F(x) =
1

1+ x
=
∞∑
i=0

(−1)ixi

�en

F(x)→ 1

2

as x↗ 1

but
∞∑
i=0

(−1)i does not converge
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Tauber’s theorem fixes this

Let {an} be a sequence of reals, and suppose that the power series

F(x) :=

∞∑
i=0

aixi

converges on |x| < 1. �en whenever

F(x)→ s as x↗ 1 AND |nan| → 0

it follows that
∞∑
i=0

ai = s

�is is Tauber’s theorem, proven in 1897 by Austrian mathematician Alfred Tauber
(1866 - 1942).
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Tauberian theorems

�e basic structure of Tauber’s theorem is:

Let F(x) =
∞∑
i=0

aixi

�en if we know

(A) Something about the behaviour of F(x) as x↗ 1

(B) Something about the growth of {an} as n→∞

�enwe can conclude

(C) Something about the convergence of

∑∞
i=0

ai.

�is basic idea has been vastly generalised e.g. for

F(s) :=

∫ ∞
1

a(t)t−s dt

and has grown into a general area of research known as Tauberian�eory.
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�ere is now a whole textbook (published 2004, 501 pages)



Tauberian theorems have an interesting structure

convergence + growth condition ⇒ convergence

Can we finitise these theorems in some way? e.g.

finitary convergence + approximate growth ⇒ finitary convergence

Can we formulate the latter in a quantitative way?

�is would appear to be a considerable challenge, as the proofs of many Tauberian
theorems are based on complicated analytic techniques.
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People have already studied quantitative aspects of Tauberian theorems



Cauchy variants of Abelian and Tauberian theorems

From now on, {an} is a sequence of reals, F(x) :=
∑∞

i=0
aixi and sn :=

∑n
i=0

ai.

�e following are presented in P., A note on the finitization of Abelian and Tauberian
theorems, but may well feature in some form elsewhere in the literature...

�eorem (Abel’s theorem, Cauchy variant)

Suppose that
• {sn} is Cauchy,
• {xm} ∈ [0, 1) satisfies limm→∞ xm = 1.

�en limm,n→∞ |F(xm)− sn| = 0.

�eorem (Tauber’s theorem, Cauchy variant)

Suppose that
• {F(vm)} is Cauchy, where vm := 1− 1

m ,
• an = o(1/n).

�en limm,n→∞ |F(vm)− sn| = 0.



Cauchy variants of Abelian and Tauberian theorems

From now on, {an} is a sequence of reals, F(x) :=
∑∞

i=0
aixi and sn :=

∑n
i=0

ai.

�e following are presented in P., A note on the finitization of Abelian and Tauberian
theorems, but may well feature in some form elsewhere in the literature...

�eorem (Abel’s theorem, Cauchy variant)

Suppose that
• {sn} is Cauchy,
• {xm} ∈ [0, 1) satisfies limm→∞ xm = 1.

�en limm,n→∞ |F(xm)− sn| = 0.

�eorem (Tauber’s theorem, Cauchy variant)

Suppose that
• {F(vm)} is Cauchy, where vm := 1− 1

m ,
• an = o(1/n).

�en limm,n→∞ |F(vm)− sn| = 0.



Cauchy variants of Abelian and Tauberian theorems

From now on, {an} is a sequence of reals, F(x) :=
∑∞

i=0
aixi and sn :=

∑n
i=0

ai.

�e following are presented in P., A note on the finitization of Abelian and Tauberian
theorems, but may well feature in some form elsewhere in the literature...

�eorem (Abel’s theorem, Cauchy variant)

Suppose that
• {sn} is Cauchy,
• {xm} ∈ [0, 1) satisfies limm→∞ xm = 1.

�en limm,n→∞ |F(xm)− sn| = 0.

�eorem (Tauber’s theorem, Cauchy variant)

Suppose that
• {F(vm)} is Cauchy, where vm := 1− 1

m ,
• an = o(1/n).

�en limm,n→∞ |F(vm)− sn| = 0.



Cauchy variants of Abelian and Tauberian theorems

From now on, {an} is a sequence of reals, F(x) :=
∑∞

i=0
aixi and sn :=

∑n
i=0

ai.

�e following are presented in P., A note on the finitization of Abelian and Tauberian
theorems, but may well feature in some form elsewhere in the literature...

�eorem (Abel’s theorem, Cauchy variant)

Suppose that
• {sn} is Cauchy,
• {xm} ∈ [0, 1) satisfies limm→∞ xm = 1.

�en limm,n→∞ |F(xm)− sn| = 0.

�eorem (Tauber’s theorem, Cauchy variant)

Suppose that
• {F(vm)} is Cauchy, where vm := 1− 1

m ,
• an = o(1/n).

�en limm,n→∞ |F(vm)− sn| = 0.



A quantitative analysis of Abel’s theorem

�eorem (Finite Abel’s theorem, P. 2020)

Let {an} and {xk} be arbitrary sequences of reals, and L ∈ N a bound for {|sn|}. Fix some
ε ∈ Q+ and g : N→ N. Suppose that N1,N2 ∈ N and p ≥ 1 are such that

|si − sn| ≤
ε

4

and
1

p
≤ 1− xm ≤

ε

8LN1

for all i, n ∈ [N1; max{N + g(N), l}] and all m ∈ [N2;N + g(N)]where

N := max{N1,N2} and l := p ·
⌈
ln

(
8Lp
ε

)⌉
�enwe have |F(xm)− sn| ≤ ε for all m, n ∈ [N;N + g(N)].

Corollary

Letφ be a rate of Cauchy convergence for {sn} andψ a rate of convergence for xm ↗ 1. �en

Φ(ε) := max

{
φ(ε/4), ψ

(
ε

8Lφ(ε/4)

)}
is a rate of convergence for limm,n→∞ |F(xm)− sn| = 0.
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is a rate of convergence for limm,n→∞ |F(xm)− sn| = 0.



A quantitative analysis of Tauber’s theorem

�eorem (Finite Tauber’s theorem, P. 2020)

Let {an} be an arbitrary sequence of reals, and L a bound for {|an|}. Define vm := 1− 1

m , and
fix some ε ∈ Q+ and g : N→ N. Suppose that N1,N2 ∈ N are such that

i|ai| ≤
ε

8

and |F(vm)− F(vn)| ≤
ε

4
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1
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Φ(ε) := max

{
2Lφ(ε/8)2

ε
, ψ(ε/4)

}
is a rate of convergence for limm,n→∞ |F(xm)− sn| = 0.
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�ese results (andmuchmore) appear in:



Tauber’s theoremwas first extended by Littlewood (1911)



Littlewood Tauberian theorem

Let {an} be a sequence of reals, and suppose that the power series

F(x) :=

∞∑
i=0

aixi

converges on |x| < 1. �en whenever

F(x)→ s as x↗ 1 AND |nan| ≤ C

for some constant C, it follows that
∞∑
i=0

ai = s

One of Littlewood’s first major results. In AMathematical Educationwrite (of this
period)

“ On looking back this time seems to me to mark my arrival at a reasonably assured
judgement and taste, the end of my "education". I soon began my 35-year collabora-
tion withHardy.”
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One of first papers of this collaboration (1914):



�eHardy-Littlewood Tauberian theorem

Let {an} be a sequence of reals, and suppose that
∑∞

i=0
aixi converges for |x| < 1.

�en whenever

(1− x)
∞∑
i=0

aixi → s as x↗ 1 AND an ≥ −C

for some constant C, it follows that

1

n

n∑
i=0

ai → s as n→∞

�ey later used this result to give a new proof of the prime number theorem:

π(x) ∼ x
ln(x)



�eHardy-Littlewood Tauberian theorem

Let {an} be a sequence of reals, and suppose that
∑∞

i=0
aixi converges for |x| < 1.

�en whenever

(1− x)
∞∑
i=0

aixi → s as x↗ 1 AND an ≥ −C

for some constant C, it follows that

1

n

n∑
i=0

ai → s as n→∞

�ey later used this result to give a new proof of the prime number theorem:

π(x) ∼ x
ln(x)



A quantitative analysis of the Littlewood Tauberian theorem

�eorem (Finite Littlewood theorem, P. unpublished)

Suppose that {an} satisfies n|an| ≤ C and L is a bound for |F(x)| on (0, 1). �en there are
constants K1 and K2 such that whenever N1 satisfies∣∣∣∣∣

∞∑
k=0

ak(e−ik/m − e−jk/n)

∣∣∣∣∣ ≤ ε

4KC/ε
2

for all (i,m), (j, n) ∈ [1; d]× [dN1; dN + g(dN)], where

N :=
⌈
4LKC/ε

2

ε

⌉
· N1 and d :=

K1C
ε

then we have
∣∣∣∑∞k=0

ake−k/m −
∑n−1

k=0
ak
∣∣∣ ≤ ε for all m, n ∈ [N;N + g(N)].



On rates of convergence

Corollary

Suppose that {an} satisfies n|an| ≤ C and L is a bound for |F(x)| on (0, 1). Let
φ : (0, ε)→ N be a rate of Cauchy convergence for F(x) in the sense that

∀ε > 0 ∀x ∈ [e−1/φ(ε), 1) (|F(x)− F(y)| ≤ ε).

�en a rate of Cauchy convergenceψ : (0,∞)→ N for {sn} i.e.

∀ε > 0 ∀n ≥ ψ(ε) (|sm − sn| ≤ ε)

is given by

ψC,L(ε) := Lu · φ
(
1

u

)
for u :=

⌈DC/ε
ε

⌉
for a suitable constant D.



A special case

Suppose that

|F(x)− s| ≤ K(1− x)

for some constant K.

�en the correponding rate of Cauchy convergence for F(x)→ s is

φ(ε) =
⌈
2K
ε

⌉
Plugging this in to our corollary yields the following rate of Cauchy convergence for

the partial sums {sn}:
ψ(ε) := LDC/ε

1

for suitableD1.

Rearranging, we can show that

|sN − s| ≤
C1

ln(N)

for suitable C1.
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How does this compare to known remainder theorems?



Open questions

1. Can we finitize the Hardy-Littlewood theorem?

2. What about deeper results in Tauberian theory (e.g. Wiener’s Tauberian

theorem)?

3. Extracted numerical data matches well with known results. Can we produce

new “remainder theorems” which don’t have any precedent in the literature?

4. Are there abstract proof theoretic metatheorems which describe and generalise

certain phenomena is Tauberian theory?

Thank You!
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